We develop a new approach to solving classification problems, which is bases on the theory of coherent measures of risk and risk sharing ideas. The proposed approach aims at designing a risk-averse classifier. The new approach allows for associating distinct risk functional to each classes. The risk may be measured by different (non-linear in probability) measures,
Introduction
Classification is one of the fundamental tasks of the data mining and machine learning community. The need for accurate and effectively solution of classification problems proliferates throughout the business world, engineering, and sciences. In this paper, we propose a new approach to classification problems with the aim to develop a methodology for reliable risk-averse classifiers design which has the flexibly to allow customers choice of risk measurement for the misclassification errors in various classes. The proposed approach has its foundation on the theory of coherent measures of risk and risk sharing. Although, this theory is well advanced in the field of mathematical finance and actuarial analysis, the classification problem does not fit the problem setting analyzed in those fields and the theoretical results on risk sharing are inapplicable here. The classification problem raises new issues, poses new challenges, and requires a dedicated analysis.
We consider labeled data consisting of k subsets S 1 , . . . , S k of n-dimensional vectors. The cardinality of S i is |S i | = m i , i = 1, . . . , k. Analytically, the classification problem consists of identifying a mapping φ, whose image can be partitioned into k subsets corresponding to each class of data, so that φ(·) can be used as an indicator function of each class. We adopt the following definition.
Definition 1 A classifier is a vector function ϕ : R n → R d such that ϕ(x) ∈ K i for all x ∈ S i , i = 1, . . . , k, where K i ⊂ R d and K i ∩ K j = ∅ for all i, j = 1, . . . , k and i = j.
In our discussion, we assume that the classifier belongs to a certain functional family depending on a finite number of parameters, which we denote by π ∈ R s . The task is to choose a suitable values for the parameter π. An example of this point of view is given by the support vector machine, in which k = 2, ϕ(x; π) = v x − γ, π = (v, γ) ∈ R n+1 , and K 1 = (0, +∞), K 2 = (−∞, 0).
Some examples of this point of view are the following. When support vector machine is formulated, we seek to distinguish two classes, i.e., k = 2. The classifier is a linear function ϕ(x; π) : R n → R, defined by setting ϕ(x; π) = v x − γ for any x ∈ R n .
The classifier is determined by the parameters π = (v, γ) ∈ R n+1 . The regions the classifier maps to are K 1 = [0, +∞), K 2 = (−∞, 0).
Let us consider the case of separating many classes, e.g., k ≥ 3 by the creating a linear classifier on the principle "one vs. all". Then effectively, our goal is to determine functions ϕ j (x; a j , b j ) := a j , x − b j , where x is a data point from the feature space, a j ∈ R n , j = 1, . . . k − 1, are the normals of the separating planes and b j determine the location of the j-th plane. Plane j is meant to separate the data points from class j from the rest of the data points. This means that ϕ j (x; a j , b j ) = ≥ 0 for x ∈ S j < 0 for x ∈ S j .
We define a k − 1 × n matrix A whose rows are the vectors a j , and a vector b ∈ R k−1 whose components are b j . The classifier for this problem can be viewed as a vector function ϕ(·; A, b) : R n → R k−1 by setting ϕ(x; A, b) = Ax−b. The parameter space is of form π = (A, b) ∈ R (k−1)(n+1) . Requirement (1) means that the regions K j are the orthants K i = {z ∈ R k−1 : z i ≥ 0, z j < 0, j = i, j = 1, . . . , k − 1}, i = 1, . . . k − 1;
This setting may be used for classification in the anomaly detection scenario. Two approaches are possible. One setting may require to distinguish between several distinct normal regimes or features of normal operational status. In that case, the class k may contain the anomalous instances, while classes i = 1, . . . k − 1 represent the normal operation. Another problem deals with several rare undesirable phenomena with distinct features. In such a scenario, we may associate classes i = 1, . . . k − 1 with those anomalous events and class k with a normal operation. When kernels are used, then the mapping ϕ(x; π) becomes a composition of a projection mapping to the reduced feature space and a classifier mapping in the feature space.
Loss Functions
A key element, which distinguishes various classification approaches, is the choice of a loss function, which, typically, is one of the known risk functionals in statistical model fitting. The quality of every model is determined by analysis of the residuals, e.g. the error. Let us introduce the following notation. For a random observation z ∈ R n , we calculate ϕ(z; π) and note that misclassification occurs when ϕ(z; π) ∈ K i , while z ∈ S i for any i = 1, . . . , k. In statistical terms, we try to predict the membership y ∈ {1, . . . , k} of a data point to one of the classes. The classification error can be defined as the distance of a particular record to the classification set, to which it should belong. Here the distance from a point r to a set K is defined by using a suitable norm in R n : dist(r, K) = min{ r − a : a ∈ K}.
Note that here we assumes implicitly that the set K is convex and closed. Indeed, the sets K i , i = 1 . . . , k are closed convex set for most classification problems, as evidenced by the examples in the previous section.
As the records in every data class S i , i = 1, . . . , k constitute a sample of an unknown distribution of a random vector X i defined on a probability space (Ω, F, P ), we define the following random variables:
represent the misclassification of records in class i when parameter π is used. These are univariate random variables defined on the same probability space and are represented by the sampled observations Z i j (π) = dist(ϕ(x j ; π), K i ) with x j ∈ S i j = 1, . . . , m i . The expected misclassification error for each class can be estimated as follows:
The following figure illustrates how the classification error for a certain binary classifier is measured.
In the support vector machine the classification error is computed by
We classify every new observation x in S i , if dist ϕ(x; v, γ), K i = 0, i, = 1, 2. In the case of SVM, the regions cover the entire image space of the classifier R = K 1 ∪ K 2 . Therefore, the condition dist ϕ(x; v, γ), K i = 0, i, = 1, 2, always holds for exactly one class.
Observe that in the multi-class example, the regions K i , i = 1, . . . k do not cover the entire image space of the classifier. Therefore, it is possible to observe a future instance x such that dist ϕ(x; A, b), K i > 0 for all i = 1, . . . k. In that case, we could classify according to the smallest distance
Another problem arises, if the the minimum distance is achieved for several classes. The ambiguity could be resolved in several ways as a sequential classification procedure but this question is beyond the scope of our study.
Robust Classification Design and Robust Statistics
The design of robust estimators, robust classifiers in particular, has attracted attention of statisticians as well as of data scientists. Additionally, the distributions of the populations providing the currently available records may not be well represented by the current sample (e.g., it might have heavy tails, not be unimodal, etc.) Furthermore, misclassification may lead to different cost with different probability depending on the error. An example for such a case is the damage caused by a hurricane. If we fail to predict correctly that a hurricane will take place in certain region, the cost of the damage depends on the features used for classification and is highly non-linear with respect to those features (see [8] ).
We refer to [19, 13, 17, 18] and the references therein for methods of robust classification design. Most cases address binary classification.
Support vector machines are widely used and most popular classification tools. They appear also as part of sequential classification methods for multiple classes. Various approaches in the literature address the design of a robust classifier specifically for the support vector machine.
We start with the formulation of an optimization problem based on the loss function expressing the minimization of the (estimated) expected total classification error. The design of a binary classifier can be accomplished by solving the following optimization problem:
Another approach is presented in [24, 13] , where the tools of robust optimization are employed. The idea there is that the future instance will come a distribution, which is close to the observed empirical distribution in some sense. Therefore, some set of distrributions is constructed, called uncertainty set, and the minimization is carried out over all distributions in that set. In [24, 13] , the uncertainty sets are defined by allowing all distributions on the smape space, which have the same mean and the same covariance as the estimated empirical mean and covariance. In [29] the authors look at the median hinge loss determined for each class and minimize the sum of the two median losses.
Our proposed approach suggests to minimize the classification error in a risk averse manner. For this purpose, we propose new family of loss functions, which use coherent measures of risk.
Coherent Measures of Risk
Measures of risk are widely used in finance and insurance. Additionally, the signal to noise measures, used in engineering and statistics (Fano factor [14] or the index of dispersion [7] ) are of similar spirit.
An axiomatic theory of measures of risk is presented in [32, 3, 15, 21, 34] In a more general setting risk measures are analyzed in [38] . For p ∈ [1, ∞] and a probability space (Ω, F, P ), we use the notation L p (Ω, F, P ), for the space of random variables with finite p-th moments. We use L p (Ω) for short whenever no ambiguity arises.
Definition 2 A coherent measure of risk is a functional : L p (Ω) → R satisfying the following axioms:
Translation Equivariance: For any a ∈ R, (X + a) = (X) + a for all X.
Positive Homogeneity: If t > 0 then (tX) = t (X) for any X.
For an overview of the theory of coherent measures of risk, we refer to [41] and the references therein.
A risk measure (·) is called law-invariant if (X) = (Y ) whenever the random variables X and Y have the same distributions. It is clear that in our context, only law invariant measures of risk are relevant.
The following result is know as a dual representation of coherent measures of risk (cf. [41] ). The space L p (Ω) and the space L q (Ω) with 
For any ζ ∈ L p (Ω), we can view ζ, Z as the expectation E Q [Z] taken with respect to the probability measure dQ = ζdP , defined by the density ζ, i.e., Q is absolutely continuous with respect to P and its Radon-Nikodym derivative is dQ/dP = ζ. For any finite-valued coherent measure of risk ρ, a convex subset A of probability density functions ζ ∈ L q (Ω) exists, such that for any random variable Z ∈ L p (Ω), it holds
This result reveals how measures of risk provide robustness with respect to the changes of the distribution. Their application constitutes a new approach to robust statistical inference. For a random variable X ∈ L p (Ω) with distribution function F X (η) = P {X ≤ η}, we consider the survival functionF
and the left-continuous inverse of the cumulative distribution function defined as follows:
It is clear that F (−1) X (α) is the left α-quantile of X. We intend to apply the theory to investigate the distribution of classification errors and that is why we have a preference to small outcomes (small errors). We define the Value at Risk at level α of a random error X by setting
The risk here is defined as the probability of the error X obtaining a large value. For a given α, we can minimize the value at risk by appropriately selecting the parameters of the classifier. This point of view corresponds to minimizing the probability of misclassification. Although Value at Risk is intuitively appealing measure, it is not coherent.
In the theory of measures of risk a special role is played by the functional called the Average Value-at-Risk and denoted AVaR(·) (see [1, 33, 36] ). The Average Value at Risk of X at level α is defined as
Consider the integrated survival function of the random variable X,
The second equality is shown in [9] . The upper Lorenz functionF
as a counterpart of the absolute Lorenz function (cf. [27, 2, 16] ). It is defined as follows:
Additionally,F
X (·) is concave because its derivative is monotonically non-increasing. It is shown in [9] that the Fenchel conjugate function of the integrated survival functionF
This statement is a counterpart of the conjugate duality relation for the absolute Lorenz curve, which has been first established in [31, Theorem 3.1] . From the definition of the upper Lorenz function, we obtain that it represents the Average Value-at-Risk:
We obtain AVaR α (X) = 1 αF
Thus, using the conjugate duality relation from [9] , we obtain
This is the representation (cf. also [41] ) suitable for optimization problems.
Due to Kusuoka theorem ( [23] , [41, Thm. 6.24] ), every law invariant, finite-valued coherent measure of risk on L p (Ω) for non-atomic probability space can be represented as a mixture of Average Value-at-Risk at all probability levels. This result can be extended for finite probability spaces with equally likely observations. Kusuoka representations allows to extend statistical estimators of Lorenz curves to spectral law-invariant measures of risk as shown in [10] . Central limit theorems for general composite risk functionals is established in [12] .
Other popular coherent measures of risk (when small outcomes are preferred) include the upper mean-semi-deviations of order p, defined as
where p ∈ [1, ∞) is a fixed parameter. It is well defined for all random variables Z with finite p-th order moments and is coherent for κ ∈ [0, 1]. In the special case of p = 1, the upper semi-deviation is equal to 1/2 of the absolute deviation, i.e.,
Other classes of coherent measures of risk were proposed and analyzed in [6, 11, 22, 33, 41] and the references therein.
In [35] , the use of coherent measures of risk for generalized regression and model fit was proposed. This point of view was also utilized in SVM in the report [17] . While those works recognize the need of expressing different attitude to errors in fitting statistical models, the authors propose using one overall measure of risk as an objective in the regression problem, respectively in the SVM problem. The classification design based on a single measure of risk does not allow for differentiation between the classes. Our point of view is that different attitude should be allowed to classification errors for the different classes.
Risk Sharing Preliminaries
The notion of risk sharing and analysis of this topic is a subject of intensive investigations in the community of economics, quantitative finance and risk management. This is due to the fact that the sum of the risk of each component in a system does not equal the risk of the entire system. Risk allocation assumes that there is a quantitative assessment undertaken by a higher authority within a firm, which divides the firm's costs between the constituents. The main focus in the extant literature on risk-sharing is on the choice of decomposition of a random variable X into k terms X = X 1 + · · · + X k , so that when each component is measured by a specific risk measure, the associated total risk is in some sense optimal. The variable X represents the total random loss of the firm and the question addressed is about splitting the loss among the constituents. Assigning coherent measures of risk i to each term X i , the adopted point of view is that the outcome
should be Pareto-optimal among the feasible allocations. The main results in risk-sharing theory accomplish the decomposition of X into terms by looking at the infimal convolution of the measures of risk, which is defined as follows. Given convex functions
The infimal convolution is a convex function and its Fenchel-conjugate satisfies is the sum of the conjugate function f *
The risk-sharing problem amounts to the evaluation of the infimal convolution
It is observed (see, e.g., [25, 28] ) that the random variables X i , i = 1, . . . , k, which solve this problem, satisfy a co-monotonicity property as follows
We shall discuss the optimality of a risk allocation decision in due course. At the moment, we note that the problem setting and the results associate with risk sharing of losses in financial institutions are inapplicable to the classification problem. We cannot expect co-monotonicity properties of the class errors because not all decomposition of the total random error can be obtained via some classifier. The presence of constraints in the optimization problem, the functional dependence of the misclassification error on the classifier's parameters, and the complex nature of design problem require dedicated analysis.
Risk Sharing in Classification
If the distribution of the vectors X i , i = 1, . . . , k, are known, then the optimal risk-neutral classifier would be obtained by minimizing the expected error. This would be the solution of the following optimization problem:
We shall introduce the notion of a risk-averse classifier. Let a set of labeled data, a parametric classifier family ϕ(·; π) with the associated collection of sets K i , i = 1 . . . , k, and the law-invariant coherent risk measures i , i = 1 . . . , k be given. The presumption is that we have different attitude to misclassification risk in the various classes and the total risk is shared among the classes according to risk-averse preferences.
We assume throughout that the set of feasible parameters π is a closed convex set D ⊆ R s . Let Y denote the set of all random vectors (
, Y is the set of all attainable classification errors considered as random vectors in the corresponding probability space. In the classification problem, we deal with their representation from the available sample calculated as follows:
for a given parameter π ∈ D.
Definition 3 A vector w ∈ R k represents an attainable risk allocation for the classification problem, if a parameter π ∈ D exists such that
We denote the set of all attainable risk allocations by X . Assume that a partial order on R k is induced by a pointed convex cone K ⊂ R k , i.e.,
Recall that a point v ∈ A ⊂ R k is called K-minimal point of the set A if no point w ∈ A exists such that v − w ∈ K. If K = R k + , then the notion of K-minimal points of a set corresponds to the well-known notion of Pareto-efficiency or Pareto-optimality in R k .
From now on, we focus on Pareto-optimality, but our results are extend-able to the case of more general orders defined by pointed cones.
Definition 5 A risk-sharing classification problem (RSCP) is given by the set of labeled data, a parametric classifier family ϕ(·; π) with the associated collection of sets K i , i = 1 . . . , k, and a set of law-invariant risk measures i , i = 1 . . . , k. The risk-sharing classification problem consists of identifying a parameter π ∈ D resulting in a Pareto-optimal classifier ϕ(·; π).
We shall see that the Pareto-minimal risk allocations are produced by random vectors, which are minimal points in the set Y with respect to the usual stochastic order, defined next.
Definition 6 A random variable Z is stochastically larger than a random variable Z with respect to the usual stochastic order (denoted
or, equivalently,
The relation is strict (denoted Z (1) Z ), if additionally, inequality (13) is strict for some η ∈ R.
A random vector
The random vectors of Y, which are non-dominated with respect to this order will be called minimal points of Y.
For more information on stochastic orders see, e.g., [39] . The following result is known for non-atomic probability spaces. We verify it for a sample space in order to deal with the empirical distributions.
Theorem 7 Suppose the probability space (Ω, F, P ) is finite with equal probabilities of all simple events. Then every law-invariant risk functional ρ is consistent with the usual stochastic order if and only if it satisfies the monotonicity axiom. If ρ is strictly monotonic with respect to the almost sure relation, then ρ is consistent with the strict dominance relation, i.e. ρ(Z 1 ) < ρ(Z 2 ) whenever Z 2 (1) Z 1 .
Proof 1 Assuming that
Due to the monotonicity axiom, ρ(Ẑ 2 ) ≥ ρ(Ẑ 1 ). The random variablesẐ i and Z i , i = 1, 2, have the same distribution by construction. This entails that ρ(Z 2 ) ≥ ρ(Z 1 ) because the risk measure is law invariant. Consequently, the risk measure ρ is consistent with the usual stochastic order. The other direction is straightforward.
This observation justifies our restriction to risk measures, which are consistent with the usual stochastic order, also known as the first order stochastic dominance relation. Furthermore, when dealing with non-negative random variables as in the context of classification, then strictly monotonic risk measures associate no risk only when no misclassification occurs, as shown by the following statement.
Lemma 8 If ρ is a law invariant strictly monotonic coherent measure of risk, then ρ(Z) > 0 for all random variables Z ≥ 0 a.s., Z ≡ 0 ρ(Z) < 0 for all random variables Z ≤ 0 a.s., Z ≡ 0.
Proof 2 Denote the random variable, which is identically equal zero by 0. Notice that ρ(0) = ρ(2 · 0) = 2ρ(0), which implies that ρ(0) = 0. If Z ≥ 0 a.s. and Z ≡ 0, then ρ(Z) > ρ(0) = 0 by the strict monotonicity of ρ. The second statement follows analogously.
This statement implies that i (Z i (π)) ≥ 0 for all π ∈ D and for all i = 1, . . . k and, therefore, the attainable allocations lie in the positive orthant, i.e., X ⊆ R Proof 3 The distance functions z → dist(z, K i ) are continuous convex functions (see, e.g., [4] ) and dist(z, K i ) < ∞ for all z ∈ R n . Thus, the composition of the distance function with the continuous function ϕ(x; ·) is continuous, meaning that the random variable Z i (π) = dist(ϕ(X i ; π), K i ) has realizations, which are continuous functions of π. Furthermore, the variables Z i have bounded support due to the boundedness assumption of the theorem. Therefore, Z i (·) is continuous with respect to the norm in the space L p (Ω). Since the risk measures ρ i (·) are convex and finite, they are continuous on L p for p ≥ 1. We conclude that its composition with the risk measure:
In order to prove convexity, let λ ∈ (0, 1) and let
This entails the following inequality for all i = 1, . . . k and all z ∈ R d :
The monotonicity and convexity axioms for the risk measures imply that
This result implies the existence of Pareto-optimal classifier. Furthermore, the convexity property allows us to identify the Pareto-optimal risk-allocations by using scalarization techniques.
Corollary 10 Assume (A1), (A2) and let the function ϕ(x, ·) be affine for every argument x ∈ R n . Then a parameter π defines a Pareto-optimal classifier ϕ(·, π) for the given RSCP if and only if a scalarization vector w ∈ R k + exists with
Proof 4 Statement follows form the well-known scalarization theorem in vector optimization problems ( [30] ) and Theorem 9.
Theorem 11 Assume that the risk measures ρ i are law invariant and strictly monotonic for all i = 1, . . . k. If a classifier ϕ(·; π) is Pareto-optimal, then its corresponding random vector
is a minimal point of Y with respect to the order of Definition 6.
Proof 5 Suppose that ϕ(·; π) is Pareto-optimal and the point
is not minimal. Then a parameter π exists, such that the corresponding vector Z(π ) is strictly stochastically dominated by Z, which implies Z i (π) (1) Z i (π ) with a strict relation for some component. We obtain
) for all i = 1, . . . , k with a strict inequality for some i due to the consistency of the coherent measures of risk with the strong stochastic order relation, which contradicts the Pareto-optimality of ϕ(·; π).
We consider the sample space
, and F i consisting of all subsets of Ω i . Theorem 12 Assume (A1) and (A2). Suppose each component of the vector function ϕ(x, ·) is affine for every x ∈ R n . If the parameterπ defines a Pareto-optimal classifier ϕ(·,π) for the RSCP, then a probability measure µ on Ω exists so thatπ is an optimal solution for the problem
Proof 6 Since the parameterπ defines a Pareto-optimal classifier ϕ(·,π) for the RSCP and all conditions of Corollary 10 are satisfied, thenπ is an optimal solution of problem (17) for some scalarization w. Let A i denotes the set of probability measures corresponding to the risk measure ρ i , i = 1, . . . , k in representation (7). Since the risk measures ρ i take finite values on Ω i , the sets A i are non-empty and compact. Thus, the supremum in the dual representation (7) is achieved at some elements ζ i ∈ A i . We have ζ i j ≥ 0, mi j=1 ζ i j mi = 1 because ζ i are probability densities. We obtain
Setting
we observe that the vector µ ∈ R m1+...m k constitutes a probability mass function. Thus, problem (17) can be reformulated as (18) .
The composite nature of the problem (17) is difficult and that is why we reformulate the problem. We introduce auxiliary variables Y ∈ L p (Ω, F, P ; R m ), i = 1, . . . k, which are defined by the constraints:
Problem (17) can be reformulated to
We shall show that this problem is equivalent to (17) .
Lemma 13 For any solutionπ of problem (17), random vectorsŶ i exist, so that (π,Ŷ ) solves problem (19) as well, whereŶ = (Ŷ k , . . . ,Ŷ k ) and for any solution (π,Ŷ ) of problem (19) , the vectorπ is a solution of problem (17) as well.
Proof 7
Observe that for any fixed point π ∈ D, the function
achieves minimal value with respect to the constraints on the variables Y i using the projections of the realizations of
Here Proj Ki (z) denotes the Euclidean projection of the point z onto the set
and the objective functions of both problems have the same value. Therefore, the minimal value is achieved at the same pointπ and the correspondingŶ i j is obtained from equation (20) .
Recall that the normal cone to a set D ⊂ R s is defined as
For brevity, we denote the normal cone to the feasible set of problem (19) by N and the normal cones to the sets K i by N i , i = 1, . . . , k. We formulate optimality conditions for problem (19) . We denote the realizations of the random vectors
We suppress the argument π whenever it does not lead to confusion. Additionally, we denote the Jacobian of ϕ with respect to π by Dϕ(x; π). Consider the sample-based version of problem (19) : 
Using optimality conditions [5, Theorem 3.4], we obtain that (π,Ŷ ) is optimal for problem (21) if and only ifλ exists such that
. Considering the partial derivatives of the Lagrangian with respect to the two components, we obtain
We calculate the multipliersλ i from the equation (25) using elements ζ i ∈ ∂ρ i (0) and g Substituting the value ofλ i into (24) and (26), we obtain condition (22) and (23).
We note that, we can define again a probability mass function µ by setting µ i j = w i ζ i j and interpret the Karush-Kuhn-Tucker condition as follows: (21) can be reformulated as a risk-averse two-stage optimization problem (cf. [40] ). The first stage decision is π and the first stage problem is
Given π, the calculation of each realization of Z i (π) amounts to solving the following problem
Calculating z Then the optimal value of (28) is
This point of view facilitates the application of stochastic optimization methods to solve the problem.
Confidence Intervals for the Risk
In this section, we analyze the risk-averse classification problem when we increase the data sets and derive confidence intervals for the misclassification risk. We use the results on statistical inference for composite risk functionals presented in [12] . In [12] , a composite risk functional is defined in the following way.
where X is an n−dimensional random vector with unknown distribution, P X . The functions f j are such that f j (η j , x) : R nj × R n → R nj−1 for j = 1, . . . , and n 0 = 1. The function f +1 is such that f +1 (x) : R n → R n . A law-invariant risk-measure ρ(X) is an unknown characteristic of the distribution P X . The empirical estimate of ρ(X) given N independent and identically distributed observations of X is given by the plug-in estimate
It is shown in [12] that the most popular measures of risk fit the structure (29) . It is established that the plug-in estimator satisfies a central limit formula and the limiting distribution is described. This is the distribution of the Hadamard-directional derivative of the risk functional ρ when a normal random variable is plugged in. Recall the notion of Hadamard directional derivatives of the functions f j ·, x) at points µ j+1 in directions ζ j+1 . It is given by
The central limit formula holds under the following conditions:
(ii) For all realizations x of X i , the functions f j (·, x), j = 1, . . . , , are Lipschitz continuous:
(iii) For all realizations x of X i , the functions f j (·, x), j = 1, . . . , , are Hadamard directionally differentiable.
These properties are satisfied for the mean-semideviation risk measures as shown in [12] . Furthermore, it is shown that similar construction represents the Average-Value-at-Risk.
For every parameter π the risk of misclassification for a given class i = 1, . . . , k can be fit to the setting (29) by choosing the innermost function f +1 (x) : R d → R to be f +1 (x) = dist(ϕ(x; π), K i ) whenever ϕ satisfies properties i-iii.
In our setting each misclassification risk i dist ϕ(X i ; π), K i is estimated by
where (Ŷ i ;π) is the solution of problem (21) . Denoting the estimated variance of the limiting distribution of
, we obtain the following confidence interval:
Here α is the desired level of confidence, t α,df is the corresponding quantile of the t-distribution with degrees of freedom df . The degrees of freedom depend on the choice if risk measure and can be calculated as df = m i − , where is the number of compositions in formula (30) . The decrease of the degrees of freedom form m i is due to the estimation of the expected value associated with each composition. The total risk is estimated bŷ
We obtain thatρ has an approximately normal distribution with expected value ρ and variance
Risk Sharing in SVM
We analyze the SVM problem in more detail. We consider only law-invariant strictly monotonic coherent measures of risk 1 , 2 for the two classes S 1 and S 2 .
The risk-sharing SVM problem (RSSVM) consists in identifying a parameter π = (v, γ) ∈ R n corresponding to a Pareto-minimal point of the attainable risk-allocation X for the affine classifier ϕ(z; π) = v, z − γ. Due to Corollary'10, we can determine a risk-averse classifier by solving the following problem:
Here λ ∈ (0, 1) is a parameter and the vectors Z i have realization z i j , i = 1, 2 and j = 1, . . . , m i , representing the classification error for the sample of each class. The random vectors Z i can be represented by a deterministic vectors stacking all realizations z i j as components (sub-vectors) of it. Abusing notation, we shall use Z i also for those long vectors in R nmi . We note that the normalization of the vector v automatically bounds γ because for any fixed v, the component γ can be considered restricted in a compact set [γ m (v), γ M (v)], where
Thus, in this case, we can set D = R n . We also consider a soft-margin risk-averse SVM based on problem (3), although the classification error might not be calculated properly. The problem reads
In this problem, δ > 0 is a small number. The objective function grows to infinity when the norm of v increases. Thus, we do not need to bound the norm of the vector v. It also automatically bounds γ, similar to problem (31).
We observe that the parameter (v, γ) for each Pareto-optimal classifier can be obtained by solving the following problem:
Lemma 15 Problem (33) is equivalent to problem (31).
Proof 9
The equivalence follows from the axiom of positive homogeneity for the risk measures:
Defining new random variablesZ
we can rescale the variables in their respective inequality constraint.
This observation is a counterpart of the result in [20] for the risk sharing of random losses among constituents.
Numerical Experiments
In the previous sections, we have shown the solid theoretical foundation supporting our approach. In this section, we display the performance of the proposed framework, as well as its flexibility. To this end, we use several publicly available data sets and compare the performance of our approach to some existing formulations, in terms of F 1 -score. Further, we showcase the flexibility of the framework by exploring the Pareto-efficient frontier of various classifiers derived from our framework. In our numerical experiments, we have used the Average Value-at-Risk and the mean semi-deviation of order one.
Data
We compare our approach to other known approaches on several datasets. More specifically, we use three data sets obtained from the UCI Machine Learning Repository [26] . These data sets exhibit different degrees of class imbalance, that is the proportion of records in one class versus that of the other class. A summary of basic characteristics of the data sets is shown in the following 
Model Formulations
We consider several scenarios for choices of measures of risk. In the first scenario, we treat one of the classes (Class0) in a risk neutral manner, while applying the mean-semi-deviation measure to the classification error of the second class. We call this loss function "asym risk" (see Table 2 ). In the same table, we provide the risk measure combinations for other loss functions which we have used in our numerical experiments. The loss functions called "risk cvar" and "two cvar" use a convex combination of the expected error and the Average Value-at-Risk of the classification error. These convex combinations use an additional model parameter β ∈ (0, 1). We note that such a convex combination is a coherent measure of risk. The formulation (32) for these loss function require modification due to the use of the variational form of the Average-Value at Risk at level α ∈ (0, 1). Table 2 displays the chosen combinations of risk measure pairs for the binary classification scenario in order to give an easy overview. We note that calculation of the first order semi-deviation and the average value at risk can be formulated as linear optimization problems. Therefore, their application does not increase the complexity of RSSVM in comparison to the soft-margin SVM. However, if we use higher order semi-deviations or higher order inverse risk measures, the problem becomes more difficult.
We compare our results against three different benchmarks: two risk-neutral formulations and one risk-averse formulation with a single risk measure. The first risk-neutral formulation is the soft-margin SVM as formulated in (3). The second risk-neutral formulation uses the Huber loss function and leads to the following problem formulation
The third benchmark uses a single risk measure (35) on the total error as proposed in [17] . It has the following formulation.
Interestingly, both risk-neutral formulations produce identical results on all data sets. Subsequently we only report one of them under the name "exp val". In the presented figures and tables below, we refer to the loss function consisting of a single Average Value-at-Risk measure, as "joint cvar".
The problem formulations which we use in our experiments are the following.
Expected value vs. Average Value-at-Risk -"asym risk"
Mean-semi-deviation vs. Average Value-at-Risk -"one cvar"
Mean-semi-deviation vs. combination of the expectation and AVaR -"risk cvar"
Mean-semi-deviation for both classes -"two risk"
Average-Value at Risk for both classes -"two cvar"
Performance
We perform k-fold cross-validation and all reported results are out of sample. In Tables 3, 5 , and 7, we report the F 1 -score and AUC, along with recall, precision, as well as false positive rate (FPR) for all loss functions. Additionally, we report the number of misclassified observations, as well as the chosen parameters where applicable. In light of the fact that the F 1 -score and AUC are competing metrics, for each dataset we present one of results results optimized for each metric. We use this highlight the additional flexibility that the proposed method introduces, in the next section. In the above Table 3 , we show the best value for each metric for each set in bold face. We observe that for this particular dataset, the best performing model formulation with respect to the F 1 -score is the "risk cvar" model; outperforming the risk neutral formulations by more than 0.04. On the other hand, if we consider the AUC to be the target metric, we notice the "two cvar" formulation has the highest value. Further, we note that the "one cvar" model has the same parameters for both target metrics. We find this to be unusual in our experiments. While this formulation does not have the best value for the target metric, it too significantly outperforms the risk neutral formuations.
Further, this formulation does have the best value for the competing metric in both cases. The respective ROC curves for each of the classifiers are displayed in Figure 2 . The color on each curve represents the value of the F 1 -score. High values are represented by the bright green color, and low values are represented by the dark red color. The two dotted lines indicate the threshold at which the classifier is set to operate.
We can certainly see the classifier performs very well on this data. Table 4 contains the calulations of risk, with respect to each model formulation. More specifically, for each obtained classifier we caculate the value of the risk functionals on the out of the sample data points during crossvalidation. We consider the raw expectation, mean semi-deviation, as well as the avarage value at risk for the α quantiles 0.75, 0.85, and 0.95. Figure 2: ROC plots for the best performing model formulations on the WDBC data: "risk cvar" with the best F 1 -score, "two cvar" with the best AUC value, and "one cvar" for the alternate metric.
Indeed, we can observe that our models reduce the risk for each class with respect to each risk calculation, compared to the benchmarks. More specifically, we notice that the "one cvar" model, which does not attain the best performance in terms of F 1 -score, but does, in fact, attain the lowest total risk value. Its value is approximately one half that of the risk neutral formulation, and that of the other benchmark. The "risk cvar" model does perform nearly identically, albeit having at slightly larger values across the board. Further, we note that the "two cvar" model, which performes best with respect to the AUC metric is the worst performing, benchmarks excluded. Looking closely at the corresponding ROC curve in Figure 2 one can argue that the performance with respect to the AUC metric, comes at the expense of robustness and generalization. Looking at the results on the "pima-indians-diabetes" data set in Table 5 we observe that the best performing model with respect to F 1 -score is the again "risk cvar" model with 0.68581 compared to the 0.66785 of the risk neutral formulations. Similarly, the "one cvar" model is again second in this conext, at the same time having the largest AUC value for the group. Surprisingly, the benchmark formulation "joint cvar" has the lowest score here. Switching the attention to the AUC section of the table, we notice that "one cvar" is the best performing model in that regard well; with the "risk cvar" being second best. However, the gain in AUC value with the changed parameters is minimal with a considerable reduction in the alternate target metric; "one cvar" shifting from 0.68581 F 1 -score to 0.65377 in exchange for 0.0027 gain in AUC, and "risk cvar" shifting from 0.68781 F 1 to 0.65504 for a gain of 0.003.
Looking closely at the ROC curves in Figure 3 we can see that the AUC pioritized "one cvar" actually does not classify at its maximum potential in terms of F 1 -score, indicated by the fact that the threshold is not at the lightest green segment of the curve. This requires additional investigation and exploration. Figure 4 shows how the empirical distribution of error realizations from applying the classifier to out-of-sample records on the left, and the overlayed ROC curves for the various classifiers on the right. Negative values indicate correctly classified observations, while positive values indicate misclassification. We compare the select loss functions to eachother and the benchmarks. Virtually no distinction can be made between the ROC curves for the various classifiers. However, looking at the error distribution plot on the left, we notice that the the two benchmarks misclassify less of the default class and more of the target class. On the other hand, the "two cvar" formulation underperforms for the opposite reason, in relation to the target metric and the best performing formulation "risk cvar". Table 7 contains the risk functional evalutation for the "pima-indians-data". It is interesting that the "two risk" model has the lowest total risk with respect to every risk functional, despite the fact that is not the best performing model in terms of F 1 -score or AUC. This leads us to believe that there may be room for additional exploration with regard to performance metrics and evaluation. Figure 3: ROC plots for the best performing model formulations on the "pima-indians-diabetes" data: "risk cvar" with the best F 1 -score, "one cvar" featuring both parameter sets, and finally the "asym risk" formulation featuring the best AUC value
We continue with the performance evalution on the third and final dataset, whose main performance metrics are shown in Table 7 . One can immediately observe, that no model performs particularly well on this dataset. We have chosen this data set for being particularly imbalanced and containing categorical varibles.
Again, we see the "risk cvar" formulation as having the best F 1 -score, followed very closely by the "joint cvar" formulation. In terms of AUC, it is the "two cvar" formulation that leads group, but again at a significant cost of the F 1 -score. Looking at Figure 5 , we can see room for improvemnts to the this by changing the threshold on the AUC prioritzed "two cvar" model. We observe that in terms of stability to that respect, the "asy risk" formulation along with "joint cvar" benchmark Turning the attention to the risk functional evaluation in Table 8 , we observe that the "exp val" benchmark model has the lowest total on the "seismic-bumps". However, being that this dataset is very imbalanced, we can see how significantly different the risk functional evaluation is between the two classes for each model formulation.
Notice, in Figure 6 , how the "exp val" benchmark stands alone compared to the well grouped risk aware models, which includes the benchmark formulation "joint cvar". Similarly, as on the previous dataset, the ROC curves are very much grouped.
In summary, the F 1 -score prioritized model consistently provides small but significant improve- Figure 5: ROC plots for the best performing model formulations on the "seismic-bumps" data: "risk cvar" with the best F 1 -score, "one cvar", "joint cvar", "two cvar" formulation featuring the best AUC value ment over the baseline models.
Flexibility
Our approach provides additional flexibility which is generally not available for classification methods like soft-margin SVM. We allow the user to implement a predetermined attitude toward risk of misclassification, and to explore the Pareto-efficient frontier of classifiers. The efficient frontier can be used to chose a risk-averse classifier according additional criterion as the F 1 -score, AUC, or other similar performance metrics, as discussed in the previsou section. We traverse the Pareto frontier by varying λ from 0.4 to 0.7 and observe that the solution is rather sensitive to the scalarization used in the loss function. In Figures 7 , we show the resulting error densities from such a traversal. We can observe how varying the weight between the two risk measures allows us to obtain a family of risk-averse Pareto-optimal classifiers. The Pareto frontier looks substantially different when different combinations of risk measures are used. Further research would reveal the effect of higher order risk measures and their ability to create a classifier with highly discriminant powers. We have chosen the probability level for the Average Value-at-Risk in a similar way. We observe that the loss function "one cvar" consistently provides the best performance. A close second, is the loss function "risk cvar," which has a similar The distribution of error displayed as smoothed histogram for each of five proposed formulations for the risk-averse SVM problem e.g. "asym risk", "one cvar", "risk cvar", "two risk", and "two cvar" all using the same set of λ values, with other parameters fixed, on the "seismicbumps" dataset structure. Interestingly, using the same risk measure on both classes does not perform as well.
Concluding Remarks
This paper proposes a novel approach to classification problems by leveraging mathematical models of risk. We have formulated several optimization problems for optimizing a classifier over a parametric family of functions. The problem's objective is a weighted sum of risk-measures, associated with the classification error of the classes: each class may be treated with an individual risk preference. We have shown the existence of an optimal risk-sharing classifier under mild assumptions. Additionally, we demonstrate that the optimal risk-sharing classifier also solves an implicit riskneutral classification problem, in which the empirical probabilities of the data points are replaced by a probability distribution from the subdifferential of the risk-measures. We have provided a more specific problem formulation for the case of binary classification and have conducted experiments on three data sets. Further, we have compared our approach to three benchmarks, which use the minimization of the total expected error, the Huber function, and the Average Value-at-Risk as presented in [17] . Our observations are the following. On the data sets for which traditional formulations perform well, the novel approach performs on par or slightly better depending on the particular choice of risk measures and parameters. The proposed approach has an advantage on all data sets as measured by the F 1 -score. Exploring the Pareto-efficient frontier provides additional flexibility and is a tool for customizing the classifier. As we see from the numerical results, we achieve larger recall or precision by adjusting the scalarization factor λ. Overall, this is an extremely flexible approach which allows fine-tuning leading allowing the user to achieve the best possible result in the chosen metric.
